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Abstract

OThe binomial theoremftisus capable of practical application afn its more comprehensive
Vedic formbhas thus been utilized, to splendid purpose, in the Vedic Sutras. And a huge lot of
Calculus work both differential and integral has been and can be facilitated therebyEO

Ovedic MathematicsO Tirthaji

The working of the Anurupyena and Yavadunam sutras, in the calculation of squares, cubes and
higher powers of numbers, is demonstrated to be an application of the binomial theorem.

PascalOs arithmetic triangle (with pinnacledpislconventionally used to help calculate binomial
coefficients. The powers of 11 are also directly generated from the successive rows in the
arithmetic triangle. The question arose whether a p#ggaltriangle, with a number at its

pinnacle containingligits other than 0110, might be used to help calculate successive powers of
the particular number.

It was found that such a Opower triangle@h the number &0 at its pinnacledoes not directly
generate the powers ddld. However, the numbers is successive rows can, indeed, with the
help of the Anurupyena sutra, be employed to calculate any powab®@f O

Athough this method is more laborious than direct application of TirthajiOs sutras, there are som
special cases where thémrow in a powetriangle can be directly used to find th¢h power of
a number.

It is of interest to note that the sum of any power triangle and its OcomplementO (after applying t
Nikhilam sutra to the number at the top) always yields PascalOs original O11Gcaritmyés
again.

The discussion ends with a brief look at how successive differentiations and integrations of the
variabled andy yield the terms in the binomial expansion bf+ y)™. Employing such a

method, particularly for fractional and negatimdices, can be a useful alternative approach to
finding the terms in a binomial expansion. It is easy to remember and easy to apply.

Background

The expansion of a binomi@l +! )™ inton + 1 terms is given by:

U

where(T") or {! is the binomial coefficient which can be calculated using the formula

() = R !!1!)!! )




For example,

(! +b)* !!!=<:>a!!0+<!4>a!b! ! <!2>a2b! ! <:>!1!! ! <:>a!!4

1l 441311 6a'lt +1agll! 411!

The binomial coefficients can be generated from R@scarithmetic triangle:

Row 0 )

Row 1: 11 ((l)) (i)

Row 2 1 2 1 e ® @

Row 3: P2 @ @O @ 6

Row 4: e st W @O & 6 @

Row 5: 1 s 10105 1 @ G & 6 @ 6
Rowg: 1 6 15 2 15 6 1 @ (O () @ @O @ @

One common use of the binomial expansion is to calculate powers of, Segy 2%ample23*,
'24% 4% 2% 4% 2%
4 4 4 4 4
20+3)" = 20*(39)° + 20°(3)" + 20)%(3)* + 20)'(3)° + 20)°(3)*
( ) #0%)() #1%)() #2%)() #3% )" (3 #4%)()

= 1(2°)(10") +4(2°)(3)(10°) + 6(2°)(3°)(10%) + 4(2')(3’)(10") + A 2°)(3")

160000+ 96000+ 21600+ 2160+ 81

279841

Anurupyena and the Binomial Theorem

In his chapter on Elementary Squarangd Cubing Tirthaji in effectmakes use of the binaal
expansion when he applies Anurupy¢Raportionally) to calculate the values of tHeahd 4"
powess of a two digit number like 23

(2)? (3)*
For (23)' 812 18_ 27
where121 (1) (1) and18! (1) (1)

Tirthaji then proceeds to add !" and! x!" to the two middle terms, i.e.

gzt 27
nri24un 3e6 !l
&/36&,54\/27 = I"I#$

The final answer 12167 is then obtained when the Otens digitsO are taken to the left and added.



It is clear that the binomial expansion is at work here, as:
8 12 18 27

12 18
12 18
18) 312) 318 1(27)
1(2°) 3(2°.3) 3(2°.3') A3)
Similarly, for (23)' 2)* (3)4
6,24 36 54 8

As Tirthaji shows in his book, addition dfx24 , 5! 36 and3! 54 to the two middle terms gives
1O ATt ) e 4(54) 1 )
which yields the answer 279841 as shown on the previous page.

Thus the usage of Anurupyena (multiplying successive terms by a cgmstpattionof b/a) for
a two digit numbeab, to obtain a power of the number, is seen to be an application of the
binomial theorem.

The Yavadunam sutra and the Binomial Theorem

Thebinomial theorem also underlies the working of the Yavadunam sutra (applied to squaring
and higher powers) discussed by Tirthaji in his book:

The Yavadunam (OdeficiencyQ) sutra: OWhatever the extent of the deficiency of a number from
base (a power of 10lessen the number by that very extent; then add the square of the
deficiency.O

An example:
To obtain!" ' : Deficiency from 100 is 2.
mn21r 96
221 04 Thus982 = 96! !" Il 1"#$

The method is based on the binomial theorfesecause:

(100! 1)ZI rrem ot @) mn
Take out 100 as a common factor from the first two terms on the RHS:

(mor 2oy e v

v e e o prrr rr ot



Thus for98' :

9821 1(I"™ 1 2)'

mno(100)[(1or t 1) nyron!

mem= ™ [ ngron!

w40

m 1|

mu 1#$
Use of the deficiency from 98 (in this case 2), is far easier than applying the binomial theorem
directly on!" ' (i.e.t (1" )t + 0 nigrty,

Use of Yavadunam (in conjunction with the binomial theorem), on cubing and higher powers
works in the same way. For example:

To obtain983 :
Firstly, use the fact that:
Q™o )t = 131 3(100) ) L™ )DL mony!
Take out™ 2 as a common factor frothe first two terms on the RHS:
(" —x)31=(100)' [ ("™ ) rr]r )@ty =
Lot o rrr 2x] 4nem )t =1’
Thus for983 :
ol = 2)3)
I (100)2[(100! 2)! 2!11]1 1(100)(! )(2)% — (2!3
= (100)2[1" 11 4]0 (™ (") =1
= (" ) L
| 1 + 1200 — 8
= 'S

For cubin Tirthaji effectively instructsQTake awaiwicethe deficiency, then again add three
times the square of the deficiency. Then subtract the cube of the deficiency.O This is exactly wh
was done above.

Thus!" W v n agnd tetrorone tren add the complemeht ! = !
Thus!™ TI" 1T 0001 /101 IS

For powers higher than 3, the process becomes more involved, as more and more terms need tc
taken into account.

For power 4three timegshe deficiency is initially subtracted; for pew5,four timesthe
deficiency is subtracted, etc. Then the other terms also need to be accounted for.
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For example,d obtain98* :
™ =) =m0 o)+ )@ e @) mn4
This can be rewritten as:
GRS I N (D N IR (D NI B R (D T IR R L
=™ ) oyt rrp4namm Hyrartyr amoHerH v
Thus for!" ! :
Thus!" 101111 192 and (2! 1" and4(')=!" and !'!ll 116
Thus!™ 11" /1" /1 o = I""#$%&$
Powering Numbers Above a Base 10

Finding the answer to, s&$ ' uses a similar algorithm, except for the fact that no subtraction of
terms occurs, i.e.

Here we use the fact thiag ! " 1 |
Thus106! 11 g and (")) I"# and! (') =1"# and !''11 1"#$
Thus!"# 1"# 11"# 1 1"#$

The base here is 100, thus otyo digits can occur in each terM/hen digits are correctly
carried over to the leftre obtain:

g tor g e s e Pomg e e II"#"S%0H&H
Using a Working Base

Tirthaji explains the use of working basen squaring. Working bases can also be applied to
finding higher powers.

Example of using a working base of 50 for squaring:

For!" ' : Using Yavadunam? ! I" 1 |

Mo and 22!l ' Thisyields !" !!I"

Now divide 46 by 2 (as 50 = 100/2)e then obtair" ' !l I"#$
The reason this works is:

a1 1)2

e 1=)(46! 1!



m (e )('!—)+!

neme s | L I"4#$
Example of usig a working base of 50 for cubing:
For!" ' : Using Yavadunam? ! 1" 1 |
Morrrerm and ()t whilett 1ol

We have thus fati 11" 11"

The 44 needs to be divided by! ! (as(!" )' ! !#!! ! !1°|—0!) while the 12 needs to be
divided by 2 (28" | ).
Thus!" ' 11221 1T 1 1106/ = 1I"#$%

Example of using a working base (WB) of 500 for cubing:

For!"# 3:Using Yavadunang12 ! 1™ 1 I

" +1112) 1 "% and (3)(12)' !=1432 while12' = 1728
We have thus fat'# /432/1728

The 536 needs to bévitled by!' ! !, while the 432 needs to be divided by 2.
Furthermore, because the WB = 50@020%0, threedigits must remain in each term of the
calculation.

Thus!"# ' 1 1551 22 e =g 11 /728 1 I"HS1%6%$&

Application of Anurupyena and Yavadunam onPower Triangles

In the special case of 11 (=10+1), the number formed by the string of digits ktitmewn of the
Pascal triangle (with O110 at its pinnacle) is either equalrtatthmower of 11, or gabe
manipulated to equal (by successively carrying a OtenOs digitO to the left and aahihg) the
power of 11. For instance

()1 14641
But for (1! )'! 1 5 10 10 5 1  pecomes !"#$! mrr nr( )
And for (1! )°! 161520 156 1  pecomes 177156111 11 )
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The questions canthe successive powers afiytwo digit numbemb (other than 11be obtained
by generating a Paseglpe triangle withab at its pinnacle. SuchRower triangle for the number
25 is illustrated below:

2!

When Otens digitsO are carried over to the left and added, the following numbers are obtained ir
the successive rows:

Power Triangle for 25

" L =P, P, =25x(11)°
n =3 Lo =P,  P,=25x(11)!
- = — 2
n=4 1 =Py Py=25x(11)
—5 =P, P, =25 x (11)3
n= a2 — P, P.=25x(11)*
n=>6 30y =P,  P,=25x(11)°

ATVUI L0

We now shovwhow the number in the-th row of this triangle i.4.,, is given by,

Loyt
Some successive powers of 25 are:
n=1 25 = 251
n=2 6 2 5 = 252
n=23 15625 = 253
n=4 3906275 = 25%
n=>5 9765625 = 25°
n==6 244140625 = 25

Thus the numberf®rmed in each row of theP@scal power triangleO for 25 do not directly yield
powers of 25.

The numbers in the power triangle can, however, be manipulated (by use of Anurupyena) to,
indeed, yield the powers of ZBhe process is shown below:

For exampleto calculate the value ¢f' )' (thus! ! 1)
Let! ! Tandy! !5—1)! I.The constant multiplier i$ ! :—
Use Anurupyena to generate the coefficients fot ! (not! ! )



8 12 18 27

8 36 54 27

These coefficients (8, 36, 54 and 27) are then respectively multiplied with the numbers in rows
I =1to! ! ! (i.e. R, P;, R and R, see below) in the power triangle for 25. When these terms
are added together, the 4th power of 25 is obtained:

n=1 2 5 =P
n=2 2 75 =P
n=3 3 0 2 5 = Ps
n=4 3 3 2 75 =Py
n=>5 36 6 0 25 = Ps
n=6 40 2 62 75 =P

Thus(25)' = 8(I"#$ )1 1" ("#$ )1 1" ("# )1 1" (") "#$%&

Or, written in terms of the binomial formulation:

Q)T LT QES )L LI S ) 30t g ) i st
W VS )L VT S ) L L g ) L )
DLLE (S )1 T rQmg$ )i g ) e )

In general, to obtain theth powerof any two digit numbel' :

Generate successive coefficients, using the multiplies :

a®' a"2%(b—a) a*3b-a)® a**bh-a)3. .. (b—a)* !
~—~ ~-A ~-~ ~-A
« (b-a) < (b-a) % (b-a) x (b-a)

a a a a

These coefficients are then multiplied with their respective binomial coefficientg|leasw
respectively, with the numbersinrows! I 111 1 111 11211 inthe power triangle fol' .
When these terms are added together, the nth powerisfobtained:

Thus(!" )" can be found using

<n!! !>!n”(!!)! <! !! !>!H(” D! <! !! !>!”3(!! LTI IR

! <: : :)””i L) (:: :>!!! )

(where!, is the number in the-th row)



Why does the Method Work?
For the general case, the power triangld'fdrs:
Fmtip
ramc ror)ymm
PHCer e om o) m
L om ! 30)m 1 rrm
P DmErr rnmar Lt (a+1b) b
a (5a! !)! (10a+5b) (10a! " YN L MW T rrm

The actual two digit numbét can be represented By! ! !. Taking into accout the carrying
to the left of tens, hundregstc. the power triangle fét ! | ! is thus:

RO (R D YA

L )Ly
o I (N W N (N N S YR R T A AR
e Py AR RN I N RN T (DT
o P g LU D)W e e ) (a4 10b)

L)
This reduces to:
I"a! b= 1(10a+b) M wm " (" g4 1) M= p,
N O - 11 11 e A O 1111 T R N B O N TTTTI N
Mg v rme e e e I 112(10a + b) o,
R I O T {1 O O T 1T T WA A R R I TT

R R O 11 111 B L A O 11T 1111 T U S [T

WS LD OIS LUND MIESE 1L v e vt

We thus see that the numberin then-th row of the reduced power triangle for always
equals:

IR GENEBITRIE

The numbers in each row thus form a geometric sequeiticdirst term(!* ! ! 1) (at the
pinnacle of the power trianglend constant ratith .

For the case ¢fi" )', application of the procedure:



() )rreon () )rrer oran o () ) oves ey

! <: : :)“”i L (:: :>!!! Lttty

Pttt rt )yttt s )ty
R A A N R TR I A I L A A N AR RN S F A R LN (T IR NE
Lrrr )t e

L(100 D DI Q) rn g D) et !
L@ D)

GRS N T S T A TR T A TR A B TR R TR (N TR A D TR RN
TN

NGEREINOEE NI S R NN (R D N ARTINN Y
GRS CS  EN N C R N TN (O RN TRNRY
IGEREDTITENNINNL

INGENED)

Thus for any power triangle with pinnadfe (i.e. the numbeY' ! ! 1) and with!, the number
in the nth row:

| nl I Irrir |
RN Z( ! )!-------(!! D'
where!, Il (" 11 1)t
An example:
Use a power triangle to calculdte' .
F
Rl

Apply Anurupyena using the rati!q!— L

. wmrn oy
72 —-21 32

Now multiply 1(49), 2421) and 1(9) respectively with 8954, 814 and 74, and add:
RS ) =T I ) 90 ) T IMHSS!

Although this process appears to involve more work than, say, the use of Yavadunam (with base
100), there areestain cases where a power triangle might be useful to help find the answer to the
power of a number quickly and efficiently:
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Power Triangle for the Case wherea = b
Whena = bit is possible to find any power by doing only a single multiplication.
Finding!! '

Fmn4

.............. =44x113

In this case, the ratio |1s"—' I 1. Thus all the terms, except the first term, become zero.

4 0 0 (4-4)
X0 X0 X0

Thus!l ' 1 1H@As$ )L n@m ) n@)
LI TIs 1 I'#1$
Similarly, !t * 1 IEMES )L rr o 'E$%E!
Note Another explanation for this phenomenon is the fact that e.g.

et
mmne (tgg )l

Another example:

Finding!! '

LI 1EE%&" T 1"# 1 I"HE%&" | 1"HIS%&H#YH

The Complement of a Power Triangle

When the sutra Nikhilam Navatascaraman Dasatah (All from 9 and the last frasrapflied to
the number at the pinoe of any power triangle, thmompementof that number is found. The

11



power triangle related to this complement has the following relationship to the original power
triangle:

R R (TR

wherd!, and !, are, respectively, the numbers in théh rows of the original poweriangle and
the power triangle of its complement.

E.g. for 0110 at the pinnacle, with 0890 its complement:

R N N B Eo I B S TR

1 1 8 9
1 2 1 9 7 9
1 3 3 1 10 7 6 9
1 4 6 41 118 4 5 9
1 6 1 0 5 1 130 3 0 4 9
17 7 1 5 61 1433 3 5 39

Since!, ! "#"l 1 1 ' it follows that
RIS WINTTE

Theaddition of each respective row in the above two power triangles thus leads to:
Ly

This propery of summation of rows is reminiscent of the multiplication of a matrix by its inverse
matrix (to obtain the identity matrix), and might have some uses in helping to find powers of
numbers in a quicker way.

This property applies to all power triangles wiihnacle OabO, e.g.

23 77 1 0 0
253 847 1 1.0 0
2783 + 9 317 - 1 21 00
306 1 3 102487 1 33 100
33674 3 112 7357 1 46 410 0

12



Using Derivatives and Integrands to Find Binomial Terms

For a binomial of the forrhx ! !!' | if I, is the! -th derivative ofc' with respect td and!, is
the! -th integrand of ' with respect td , then the expansion is:

I I R R I R N T TR N A A A A VRN YR TR

which can be abbreviated as:
(1 +bp)" =ZD! (@™ 1t

Suppose you igh to expand! ! !)':
The first step is to set down the first tefm! ' .

The second term is derived by differentiatiigwith respect td , and integratind ' with respect
to!. This gived ! '1 —.

The third term is found by differentiating ' with respect td , and integratiné'— with respect to

| This gived ! 11'1 —

Similarly, successive differentiation and integration gives the whole sequence as:

which simplifies to:

Ggroy vttt ettt sy !

This may seem a cumbersome method for obtaining a simple expansion, but its advantages
become obvious when dealing with expansions involving fractional and negative powers. Many
students findhat, when learning the binomial formula for the first time, they experience difficulty
in remembering it and how it works. This calculus method is very easy to remember and easy to

apply.

Example 1Expand(! +!)~', first four terms.

CEEDIRE A A I CRRTA R Y (!!!!!””! I,—I>' (!!”!”!””! %)' !

M S Lyvr Lyvaon
e Eat B et S Bl B

Example 2Expand(! ! !'!)'”", up to and including the term in.

1/ 1/! ! ITRRY. ! Ly TRy
(i)t i !]—!! i !!!—!!—!! : !!!—!!!—!!—!! ”!!!!
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1 |
P St Dt ogn
! !

Example 3Find the first four terms, in ascending powers$ obf (! ! !)'”

11 TTREV. ! Lt Ly Ly e e
U!!VWﬁ@M—WHrW”W!V!HHVW—T4!ﬁﬂm”ﬂﬂT!H

- ! . . !"# . ' " ! llllll

(Note that there is no need to make thst fierm of the binomial equal to 1.)

Proof that Successive Terms of the Binomial Expansion are Obtained by Differentiation and
Integration

. . . . n . n! |
The (r +Dthterm in the binomial expansion (Jﬁ+ b) is ———a"'b’
ri(n! r)!
Differentiating @” " and integratingd’ result in
n!(n! r.)an! r!lbr+l r.]!an! r!lbr+1 n!an! (r+1)br+1

ri(n! r)i(r +1) - (r+D!(n! r! ! (r+i(n! (r +D)!
This is the(r +2)thterm.
In general, letD, (a") be ther-th derivative ofa" with respect ta. Let |, (b") be ther-th integral
of b with respect td.

Then the binomial expansion can be summarised as follows:

(a+b)" = B D ("1 (b°)

0

Alternative Approach: Just using Differentiation

It is possible to achieve the same result as discussed above by successively differentiating the fii
term!a! in the binomial fromeft to right whilst at the same time successively differentiating the
second terngb! in thebinomial fromright to left The sum of the products of the successive terms
(divided by! !) also yield the binomial expansion, i.e.

¢ +B) 1 D (B

(This formula can also be proved from a Maclauren series. See last page.)
EQ.(1! b)*=—Xi_ 1 ta 11t

!%Dmﬁm@ﬂ+mmmﬂﬁu!dUHMH!hHHhWU+mWﬂ&HH
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=%[a!.!!2!!!!!!! prtrrmnrtrornrtin ettt e rnnr et

Porbrorrtrtrrtrt et !
Example 4:

Find (" )' using theD,.(a™)I,.(b°) method.

ODifferentiate@ four times: 4 4,23 1212
Olntegrate® four times: I 'I—I 'I—z
Multiply successive terms 24 .3 "o l:—
Simplify " " I"# "#
Carry OhundredsO and O#ewisthe answer is 279841.

Example 5:

Find (" )" usingthe 11" 11,111 method.

ODifferentiate® four times left to right I r Mot

ODifferentiate® four times right to left 1" 11t 1t !

Multiply successive terms " 11! et et ot
Divide each term by!! 24  2* Lt i
Simplify " " "4
Carry OhundredsO and OtensO !"#$%&
Derivation from Maclaurin Series
For! (1)! 111 11" let! Ibe a variable, and a constant.

F(A)! gl pimitnd I nnmnn

Ui(@) =1 a4+ 1™ L iy s !

f"(@)!

1!

N R T TN “(l) I

=l e i

"ot "ot

L 3

! 11314

24115 "1
i

"ot "o

L I

et 3!

NI !

I"# "
YNNI

!!!!!

Fr@ D T DI T e oy My @ 1y et
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RN (YR (RS [N N G TR R R (O N N (N (N I NIE
I @) L — 1) —2) .0 D ) e @ ) !
O IR I I I I TR (O N R (R D (R I (IR
OIS IR IR R TR (R (R IO

Maclauren Series:

1 1 My RN 1 ha
 (a)! I(I)I'II I.l I !'!"!!! f!!! 11 ﬁ!!!!! ﬁ!!!!
NENORION
o I
) !!!!!!!!I!'”!!! (! !'!I)!”! (1 |)('|I| |)|"'I!! !
T !)|(|!|! '!I)I! Py, R ')If'l' I'I)l' M
|(|| BI(EED) ||||' . 1! |
TR I?’

) Lranner (B et (B eer nretyr (B)ee e
DI

i ('(,",,),)(' (EEDI(REDIN(DIED] (!(,”,,),)(' (NEDICEDIN(DIRDY

(I(l"|!|l)l|)(l (II ')(' ! ')' (')' )' IR

L)L St "

IIRNTINTRND

Conclusion and Comments

With regards to the application of the binomial theorem to cubing and higher powers, Tirthaji
comments: OAImost every mathensitivorkerknowsthis (the binomial theorem); but very few
peopleapplyit! (e.g. when finding the power of an actual number.) This is the whole tragedy and
pathos of the situation.O

Many students today learn how to use the binomial theorem in algebrtastits courses, but

never actually think to apply it also to basic arithmetic. This is exactly what the Anurupyena and
Yavadunam sutras achieve when they are used to calculate the squares, cubes and higher powe
of numbers. The answer is obtained vatise and swiftness, a fundamental feature of the Vedic
mathematical approach.

The same can be said for the differentiation/integration approach to obtaining a binomial
expansion: MaclaurenOs (and TaylorOs) theorems are conventionally employed as methods to
approximate a function as a polynomial with a finite or infinite number of terms. However, as has
been illustrated, it is possible to obtain th#h power of an actualumberby successive

16



OdifferentiationsO and/orO integrationsO of its digits. Tagsis, in line with the Vedic
mathematical approach of obtaining an answer in Oone lineO (left to right or right to left).

The use of PascalOs arithmetic triangle, as well as the related power triangle, is also a useful toc
to help simplify calculationslhere are possibly more properties of power triangles which are
worth investigating.

There is evidence that the arithmetic triangle has been known and used for hundreds, if not
thousands of years, before Pascal wrote about it in the 16000s. Pingalanamatitematician

and Sanskrit grammarian, wrote about the arithmetic triangle and the binomial theorem in
approximately 200BC. (PingalaGisandashastrahadeen recorded as the most ancient Sanskrit
treatise on prosody.) In the Chinese bdkngjie Jiuzlang Suanfg1261 AD), Yang Hui records
the work of mathematician Jia Xian who also illustrated such a triangle about 500 years before
Pascal.
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