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Abstract

The EkadhikenaPurvenasutra can be employedto calculate the number of digits before
recurrencean the perfectlyrecurringdecimalstring for a rationalnumberl/N, whereN endson
thedigits 1,3,7 or 9. Thenumberof digits, X, in onerecurringcycle of the stringcanconsequently
be usedto help detemine the primality of N. This testis an applicationof Fermats Little
Theorem.In his book, Vedic Mathematics,Sri Tirthaji gives examplesof the working of the
EkadhikenaPurvenasutrain basel0, with the result that decimal strings are calculated.This
paperdiscusseghe resultsobtainedwhen the EkadhikenaPurvenasutrais appliedto binary
numbers(i.e. base2), with the resultantgenerationof a recurringbinary string for 1/N. It was
foundthat, whenthe computations donein binary, a typical homecomputercangenerateall the
digitsin the cyclic stringrelatedto 1/N at a rateseveralordersof magnitudehigherthanwhenthe
sutrais appliedto decimalnumbersSuchanapplicationof the sutrathushugelyincreasesherate
atwhichthenumberN canbe confirmedprime or not.

Background and Introduction : Prime Numbers and Fermat!s Little Theorem

Someimportantcryptographialgorithmscritically dependon the fact thatthe prime factorization
of very largenumberscantakea long time. For manyapplicationsthe fastidentificationof large
primes(oftenwith severahundreddigits) becoms very important.

Many primality testshave beendevelopedand improvedupon over the last century. The most
obvioustestif thatof trial division: Given aninput numbern, checkwhetherany prime integerm
from2to+/! evenlydividesn.

Probabilistictests provide provable boundson the probability of being fooled by a composite
number.Somesuchtestsarethe FermatPrimality testandthe Miller -Rabintest.

DeterministicTestsprovide a definite determinationof a prime number.Examplesof suchtests
arethe PocklingtonPrimality test,aswell asthe AKS Primality test.

FermatOBrimality testis basecbn FermatOisittle Theoren! which staesthat:
If pis primeanda is notdivisible by p, then
'Y 1 1Imod p!

(acanbeanybasea= 2,3, 4,E)



This meanghat

—— has a remainder of 1
We canalsowrite:

!!!1

wherethe remaindet 1

! Quotient!

Someexampledollow.

Example 1
7is PRIME: Chooseasel0

0,142 857 1..
711,030 20 60 40 S0[ib ...

—  =142857! 142857
= 142857+  where-! 0!/ 1#$ 7
Here,theremaindelis 1.
It can,furthermore pbe notedthatthe decimal stringfor '; has7 - 1 = 6 digits before

recurrenceAlso (7 — 1) is divisible by the numberof digits in therecurringdecimal string

11l
...1.!
!

Example 2
79is PRIME: Choosease 10

0,01 2 6 58 2 27 8 4 810..
79|1 10 021052046065018022062067038064080

8 . .
—— = & = [ I"AI%&S$ N"HS%E&MH! I 11" 76!1 1. 112658227848!

I 11126582278481!101265822784811"#$%&##'&(&" 1 1" 1" 111 |'—

where— ! 0101"#$%""8&% % |

Again, theremaindeis 1. Also, thedecimalstringfor I'— has13digits beforerecurrence.

Wefind that

So(79- 1) is divisible by the numberof digits in therecurringdecimal string.



Example 3

27isnotprime ChoosebaselO

N ,..

—_— = j! UM I N I 1 0 g 10T

Porg 1" 1" 7031"# 7031"# 703!1! ;—7 Where%! 017!3

Heretheremaindeiis 19, not 1. Also, thedecimalstringfor 2'—7 has3 digits beforerecurrence.

Wefind that

So(27-1)is NOT divisible by the numberof digitsin therecurringdecimalstring.

Fermat!s Little Theoremin Terms of!!g) 'k

The precedingexamplesllustratethat Fermats Little Theoremcanbe restatedasfollows: If p is
primeanda is notdivisible by p, then:

L1 =1 ("% 1)

wherek is a whole numberand x is the numberof recurringdigits in the cyclic string for !; ,
providedthat the string is in the basea. This provisionis linked to theorem88 by Hardy and
Wright?® andis discussedh the sectionentitled“More on the k-valuesandthe ekadhiké.

Example 4
7is PRIME: Choosebase?

1701 16

=—=21=19.11"4$ !

=9 +§ Where!; | 1.142857

Usingbase2, theremaindeiis still foundto be 1.

However,to correctlyinvestigatethe k-valuefor a numberN whenusinga base2, it is necessary
that the numberof recurring digits x be determinedfor N in binary, not decimal. The binary
representatioof N=7is 111.

Thebinarystringfor :— is: % = 1.1l 1. Heretherearex = 3 recurringbinarydigits in the
string.

. Il . =1 !
Using —! k  wefind that — <3 ° 2

So(7 - 1) is divisible by thenumberof digits in therecurringbinary string.



Example5

79is PRIME: Choosebase?

I 138251"# I"# I" 1"l I"# I"# 1126582278480
=3825714619033636628817 +!%—

Where;—g = 0.0126582278481

With base2, theremaindeiis foundto be 1. Thebinaryrepresentationf N = 79is 1001111

Thebinary stringfor 7—19 ¥

: =1.10000011001111011001000111010010101000!
1001111

Heretherearex = 39 recurringdigits in the binary string.

Using @:! we find that %‘91 =2 =2

"

So(79 - 1) is divisible by the numberof digitsin therecurringbinary string.

Example 6
27is not prime: Choose base 2

2!" ! 226

= 21 2485513141 11=1"#$$%8& | —  where~! !!f1]
! 27 27

27
Heretheremaindeiis 13,not 1. Thebinaty representationf 27is 11011.

Thebinarystringfor I'— iS: ——— 1 LT I'. Heretherearex = 18

recurringbinarydigitsin thestring.

Using 200 wefindthat —— =—1 11

So(27-1)is NOT divisible by the numberof digitsin therecurringbinary string.

The Fermat Primality Testand Pseudoprimes

Examplesl, 2, 4 and5 demonstratéow, for any prime numberN, (andanyrandomlychosen

basea) ",— alwaysyieldsaremainderof 1. Theyalsodemonstratéow, for aprime,
”:—”' I alwaysyieldsawhole numberk-valug wherex is the numberof recurringdigitsin
thestringfor I'— providedthatthestringis calculatedn thebasea.

Examples3 and 6 demonstratdhow most non-primesyield remainderswvhich are unequalto 1,
and k-valueswhich are not whole numbers.So, the converseof Fermats Little Theoremholds
truein mostcases,

ie.If 'I— yieldsa remainderof 1, or if (N — 1) is divisibleby x, thenN is prime.



However,the conditionsstatedabovecannotbe usedas a fool-proof testfor primality, assome
compounchumbers althoughin the minority - alsomeettheserequirements

Example 7
0,0303030..

33|11,'00'00'0%..

33isnotprime: ChoosebaselO

I " .
: —III_IIIIIIIIIIIIIIIIIII 11
1

33
e g X where—1 1.1
33 33

Contraryto whatmight be expectedye seethat, while 33 is not a prime number theremaindeiis
foundto equall. Also, thedecimalstringfor % has2 digits beforerecurrence.

Testingwith ”:—”' I wefind that¥ ='7 = 16

Sohere,for anonprime,k is awholenumber.

Example 8

However,if we choosehase?:

13301 "

= _| I"#ISHS%& 112
= 130150524 + — where —= 0.1

Herewe find thatthe remaindeiis not 1. Furthermorethe binary representationf 33 is 100001.

Theblnarystrlngfor—|s % = 10;001 NI I

Therearex = 10recurringbinarydigitsin the string.

Using ”:—”l I wefind that 'I— ::— =32
S0(33-1)is NOT divisible by the numberof digitsin therecurringbinary string.

Thus, by inspection,we seethat - while a prime numberalwaysyields a remainderof 1 (or a
whole numberk-value)- anonprime maydo soaswell, dependingon which baseis chosen

A nonprime which yields a whole number k-value is called a Fermat pseudoprime Below
50000, only 1.23 % of numberswhich yield whole number k-values (for base 10) are
pseudoprimes.

The conventionaFermatProbabilitytestappliedto a numberN follows the procedureoutlinedin
Column1 of Tablel.



Test using Test using

-t =10 pl (!;!)!k
- Choose a random baae - Choose a base
- Find the remainder wher ' ' is - Find the number of digitgin the
divided byN. recurring stringrelated to the base a.
- If the remainder is not NN is not - Calculate— 1
|

prime.(END OFTEST)

If the remainder is 1, there is a larg
probability thatN is prime. In this
case, choose another random ks
and repeat the test until a remaind
unequal to 1 is found.

The more randora-values having
been tested, and a remainder of 1
having alvays been found, the
greater the probability that is
indeed prime.

- If kis not a whole numbgeN not
prime.(END OF TESY)

- If kis a whole number, arid= 1 then
N is prime.

- If kis awhole numbeand! ! 1 (*)
then apply one further test (involving
X) to identify a factor of a potential
pseudoprime.

- If a factor is foundN is not prime. If 4
factor(< v/N ) is not found,N is
prime.

Table 1

(*) It appearghat within the rangeof valuesthusfar investigatedwhenk ! 8 (for basel0) and
whenk < 9 (for base2) thenN is alwaysprime— seediscussioriater.

The Fermat Prime testusing a’
1.

1!'mod!p! hasSeveralDrawbacks:

It is not deterministic:an N-value canonly be identified as having a high probability of
beingprime.

For very large numbers many calculationstepsare required(in a division process)to
eventuallyyield a remainderof 1. This may take a long time and can use up a large
amountof computingpower.

There are some pseudoprimes(called Carmichael numbers) which ALWAYSyield
remainderof 1, no matterwhatbaseis chosenSuchcompoundhumbersarethusalways
incorrectlyidentifiedasprimes.

Evenif a numbe N is indeedprime, many basesnay haveto be investigatedbeforeits
primality canbe confirmed.

The testdoesnot suggest methodto eliminatea pseudoprime otherthanby eventually
finding a remainderunequalto 1 - oncethe appropriatebase(if it exists)happendo be
chosen



The Fermat Prime testusing! ! Q and Vedic Mathematics

This paperdiscusseshe resultsof aninvestigationusingVedic Mathematicsin conjunctionwith
the procedureoutlinedin Column2 of Table 1, to help determinethe primality of a numberN.
The EkadikenaPurvenasutrais employedto determinethe numberof recurringdigits, X, in the
binarystringfor,l .

This valuecanbeusedto determinghek-valuewherek = ':—1

If k=1, Nisidentifiedasprime.If kis awhole numbergreaterthanl (* seenotepreviouspage
an additional test also using x, is carried out. This test can be usedto successfullysift out
pseudoprimes.

The methodoutlinedin this paper(althoughit still hasa probabilisticcomponentaswill soonbe
explained)hasbeenusedto identify all prime numbersbelow 500000. It is suggestedhat the
FermatPrimality testdonein this way, addressesomeof the drawbackdisted in the previous
sectionfor the conventionalFermattest: Use of the algorithm statedin the sutramay reduce
computingtime andpower,while the x-value (which is found by applicationof the sutra)is used
to identify thefactorsof all pseudoprimesgventhe Carmichaehumbers.

The Ekadhikena Purvena Sutra

Sri Tirthaji® showedthatthe full recurringdecimalstringfor everynumberN, endingonal, 3,7
or 9, caneasilybefoundby usingthe Ekadhikenagurvenalivision technique.

Thesutrastates’By onemorethanthe previouson€’.
Thegeneratiorof the decimalstringfor I'— is demonstratethelow:

The denominatorconsistsof the two digits 1 and 9. Defining the “previouson€’ as the digit
beforethe9, i.e. the 1 in the caseof 19: “Onemorethanthe previouson€’ is: 1+ 1= 2. This2
(called the “ekadhikd) is now the new divisor (from left to right), or also the new multiplier
(fromright to left).

For stringgeneratiorfrom left to right, insteadof attemptingto divide 19 into 1 (accordingto the
conventioral method) the proceduras nowto simply divide 2 into 1 insteadj.e.

2 dividedinto 1 equals0 remainderl. For this, write:
'0

with therem1 a superscripto theleft of thequotientO. Thendivide 2 into 10, giving 5 remO:
'0%

Thendivide 2 into 5, giving 2 rem1:
0% 12

Division of 2 into 12 thenyields6 remO:

0% 12 %



Division of 2 into 6 yields3 remO:

'0%12%°3
Division of 2 into 3yields1 rem1:

'0%12%°3 "1
Division of 2 into 11vyields5rem1:

'0%12%%3 "1 '5
Proceedinghus,the 18 digits of therecurringstring

109512 % °3 11 1517 18 %9 14 713 16 °8 %4 °2 °1aregenerated.

Alternatively, the digits in the decimal string can also be generatedrom right to left in the
following way:

Startingwith 1 on the very right, multiply the 1 by 2 to obtain2; thenmultiply this productby 2
againto obtain4; thenmultiply 4 by 2 to obtain8; thenmultiply 8 by 2 to get16,

ie. 68421

wheretheteris digit of the 16 is written asa superscriptl, readyto beadded(“carriedover’) onto
the productof the next multiplication by 2. The nextstepis to multiply only the 6 by 2 to get12,
afterwhichthesuperscriptl (from theten's digit of 16) is addedonto12to get13,

ie. 1368421

Now multiply only the 3 by 2, thenadd 1 to get7. Multiply 7 by 2 to get 14, andwrite the ten's
digit of the 14 asa superscripfl.:

471368421
Proceedinghus,the completecyclic stringis obtained:
0526311517894 7368421

The numberof stepsin the calculationcan, furthermore,be halvedby noting that the string of
digits comprisingthe first half of the decimalexpansionaddedto the string of digits makingup
thesecondhalf, yields a sequencef nines,i.e.

052631578+
947368421
999999999

This phenomenois anapplicationof the Nikhilam Navatascaramarbasatahsutra:

“All from 9 andthe last from 10" becausgwhen the digits in the first half of the string are
subtractedrom 9, the digits in the secondhalf of the stringareobtained.“Thelastfrom 10" never
featuresasthereis nolastdigit in anonterminatingstring.



Explanation of the Working of the Ekadhikena Purvena Sutra

The recurring decimal string associatedwvith a fraction is a geometricseriesof the numbers
generatedby dividing or multiplying successiveterms by a common ratio related to the
“ekadhikd.

In generalany perfectlyrecurringdecimalfor 1/N canbewritten as:

L= v () The ekadhika is theh"-

The Ekadhikena Purvena Sutra applied to I'— where N hasa Final Digit 1,3 or 7

When the sutra (usedon numbersto basel0) refersto the “previouson€’ it must alwaysbe
“previousto” thedigit 10— 1 = 9 in thedenominatoof a fraction. Sothatthe sutracanbe applied
to decimalrationalnumbers(in form :—!) with denominatorendingalsoon the digits 1, 3 and 7,
suchfractionscanbe manipulatedasfollows to havea lastdigit equalto 9:

! 1 ! 1 1 ! 3 1 1 ! !
I— x N ToiIxol
=z : - oX

2 =1
!II# - 3 . ! !“

5 . " :

. 1
Forinstance: — 11

1 ! 3
T L L

For 39, “onemorethanthe previouson€’ is 3 + 1 = 4. The ekadhikais thus4. For right to left
string generationstartwith the numerator3 asthe lastdigit beforerecurrenceandthenmultiply
successivelyvith 4, therebyobtaining:

%0°%7%9'23
Thus — N1 IS |
-

The processrepeatsuntil a remainderof 3 is once againreached.Because3 is the very first
multiplicand,anyfurtherstepsn the procesyield the samesequencef digits again.

Note: Employing !E! Pt ('—) : ,i= Ix—1 11 i (.I—)

N!'1 39

Theekadhika= 40/10=4

Theekadhikas seerhereto bea multiple of 10 (asthe decimalsystememploysa basel0).

Computer Program (to Generate Decimal Strings) and the M ethod of Rooting Out
Pseudoprimes

The resultsof employinga computerprogram,using the Ekadhikenaalgorithm,to generatethe
decimalstringsfor all N-values(endingon 1, 3, 7 or 9 - thisincludesall primesexcluding2 and
5) between3 and 10000 havealreadybeenreportedin a previousarticle’. The lengthsx of the
stringsbeforerecurrenceaverefound,which thenenabledhetestingfor

primality (testingwhether! ! ”:—” is awhole numberor not). Themethodof rooting out



the pseudoprimegwith reasons)vas also discussedn detail in the abovementionedarticle. It
was reportedhow all primesbelow 10000 were successfullyidentified, and all pseudoprimes
wereeasilyeliminatedusinga methodwhich is againbriefly outlined(without proof) below:

If N happengo beapseudoprimégbasea) it satisfiesthe criterionthat,

isawholenumber.ThusalsoN ! (kx! 1)!It canbeshownthat
If N is apseudoprimelt hasfactorsin theform (dx! 1! whered <k

Therefore onceN is foundto havea whole numberk-valuegreaterthan1, it is testedfor a factor
(dx! 1! <+ . If nosuchfactoris found,thenN is prime.

Sincethewriting of the previousarticle,additionalanalysishassuccessfullyevealedall the 5133
primes below 50000, aswell asall the pseudoprimegbasel0) below 50000. The list of all the
64 FermatpseudoprimegbaselO) below50000is givenin Table2.

Notethatthesmallestk-valueis 8. Thesecondsmallesis 15.

The 64 Pseudoprimes (base 1®elow N = 50000
(1.23% of the 5 197 numbers below 50 000 with whole numbg+values)

N X k N X k N X k N X k

9 1 8 3333 4 833 11111 5 2222 21931 30 731

33 2 16 3367 6 561 11169 16 698 23661 14 1690
91 6 15 4141 20 207 11649 32 364 24013 174 138
99 2 49 4187 13 322 12403 78 159 24661 30 822
259 6 43 4521 8 565 12801 400 32 27613 52 531
451 10 45 5461 42 130 13833 364 38 29341 60 489
481 6 80 6533 46 142 13981 30 466 34113 328 104
561 16 35 6541 30 218 14701 60 245 34133 1484 23
657 16 35 6601 330 20 14817 32 463 34441 60 574
703 18 39 7107 374 19 14911 30 497 35113 24 1463
909 4 227 7471 30 249 15211 390 39 38503 138 279
1233 8 154 7777 12 648 15841 120 132 41041 30 1368
1729 18 96 8149 28 291 19201 30 640 45527 26 1751
2409 8 301 8401 15 560 19503 98 199 46497 32 1453
2821 30 94 8911 198 45 20961 16 1310 46657 96 486
2981 10 298 10001 8 1250 21153 32 661 48433 48 1009

Table 2



The Generation of Binary Strings Using the Ekadhikena Purvena Sutra

The useof decimalstringsfor prime numberidentificationwasfound not to be ideal. Using the
computerprogramon a home PC to obtain the decimalstringsof the reciprocalsof (relatively
small) primescloseto 1 000000, provedeventuallyto takeup far too muchtime.

For example,while the prime 4007 (with 4006 recurringdigits and thus k = 1) took but 0.47
secondsandthe prime 8017 (alsowith k = 1) took but 1.81 secondgo identify, the prime 80051
(alsowith k = 1) took 4 minutes13 secondgo identify. The prime 999983 (alsowith k = 1) took
about3.2 hoursto identify. However,a prime with a muchlargerk-value,andthuslessrecurring
digits x, took far lesstime to identify: for instance 43 037 (with only 29 recurringdigits andthus
with k = 1484)took but 0.03secondgo idertify .

Besidesattemptgo improvethe computerprogrammingmethodsandefficiency, aswell asusing
a fasterand more efficient computer,it was decidedto investigatewhetherapplicationof the
EkadhikenaPurvenaSutraon binary (insteadof decimal)numbes might improve the speedof
primenumberidentification.An exampleof how this canbedoneis givenbelow.

Example 9
13in binaryis 1101.To find the binary string of Tlm proceedasfollows:
By onemorethantheonebefore“110’: 110+1=111 Theekadhikaisthusl111.

Starting with 1, and using 111 as the multiplier from right to left, and carrying and adding
successivdinarydigits, thefollowing binarystringis obtained:

x111 x111  x111 x111 x111  x111

x

111

x
a

11 x111 x111 x

o

11 x111

x

N BN ETN BTN BN - e~ e~ T~ ETN TN N
1 10 100 1000 11 110 1100 1011 1001 101 1010 111 1
Thus: L —0.1001001111011

1101
Therearex = 12 binarydigits in onerecurringcycle of this string.
Using D =1 wefindthat 222 =1.
x 12
With k=1, N = 13is correctlyidentifiedasprime.

Thealgorithmof the sutra,employecdto binaryl—l3 , thusproceedssfollows:

0001
x 111 + 000 = 0111
1 x 111 + 011 = 1010]
El x 111 + 101 = 0101
1 x 111 + 010 — 1001
1 x 111 + 100 = 1011

1 etc.

Figure 1



Comparison of k-valuesin Binary and in Decimal

Forthecaseof ﬁ

In decimal: — ! LI | rritmand 1y —1 ——1 1
" !

Inbinary:  ——1 1w 0 L tand k! S22 =2

So,althoughthe k-valuesdiffer, theyarewhole numbersan bothbasesFurthermore:

For I'— :
076+
924

' 999
while for —:

000100+
111011
111111

l'— in decimaldisplaysthe working of the sutrabecausehe first half of onecycle of therecurring

stringaddsto the seconcdhalf to yield a stringof 9's.

But .L in binary displaysan adaptedversion of this sutra,i.e. All from 1 and the last from 2,
becausehetwo halvesof its cyclic stringyield astringof 1’swhenadded.
This last phenomenoris found to occurfor all evernumbeed stringsrelatedto prime numbers

(proof given in a previousarticle®), but it only occursoccasionallyfor a pseudgrimes. This
phenomenois briefly toucheduponlater.

Usingbinary numbersFermats prime testis carriedoutin base2. The EkadhikenadPurvenasutrg
appliedto binary numbersuses:By one morethan the one beforethe 1, insteadof By onemore
thantheonebeforethe9, asis the casefor decimalnumbers.

This additioneffectively makesthe right-to-left multiplier (or left-to-right divisor) - the Ekadhika
- amultiple of 2 (insteadof a multiple of 10, asis the casewhenthe Ekadhikais usedto generate
adecimalstring).

A binary string is an infinite geometricseriesbasedon powersof 2. The following example

displays the working of the “by one more than the one befor¢ conceptemployedby the

Ekadhikenasutraappliedto:— in binary. It showshow the recurring string for :— consistsof an
infinite numberof successiv@owersof :—! I'—, (* " in binary)addedtogether It alsoclearly

demonstratesrhy therecanbe only threedigits beforerecurrencean the binary string for :— (thus

makingk = 2).



Example 10

1_ 1 _i 1 _i 1
77111 (111+1) . 100)
terminating Lt =1 N

binary string "~

= 1000 —0001 the ekadhika

(1000) (0,001)! + (0,001)2 + (0,001) + (0,001)* + - oo

Ms

)
1 GUANAAN

111 0,001001001001001..

N =
[

Whenright-to-left stringgenerations donein binary,the very lastdigit beforerecurrencdi.e. the
first digit to be multiplied by the Ekadhika)is alwaysa 1. Becauseonly 1's and(0’s areemployed
the algorithm is found to generaterecurring strings much faster than is the casefor decimal
strings.

Computer Program to GenerateBinary Strings for Numbers Below 500000

A computer program was written which employs the Ekadhikenasutra adaptedfor binary
numbers.All numbersendingin 1, 3, 7 or 9 below 500000 (in decimal)were convertedinto
binary, and the lengths of their binary strings were determinedby the program A time
comparisorwasdonebetweertherateof prime numberndentificationin binaryversusn decimal.
An exampleof theidentificationof a prime numbercloseto 500000follows.

Example 11
TestN = 481433 (prime)

Convertinto binary: e R T———

Calculatethe ekadhika: 111010110001001100+1111010110001001101

Proceedwith right to left multiplication of 1 with the ekadhika,to obtainthe full cyclic string
shownon the nexttwo pages.

Numberof recurringdigits: x =8597 ! ! !"#!f:ss” ro
Time for calculationof x: 0.11seconds
Time for confirmationthatnot pseudoprimétestfor afactor(!" ! !! whered< k):!! 0.4

! !
"#1$$ ! AT T e T




1101110000 0O0WO0OO0OOO110901120001101090121010110 111101110010

1
0111190111012 1100011010011111100110 0111110 010110011100 001 00 1 1

100 0 0 O

o0

1

10 1

1

1 0 0 0 1

[

1

0 1

o

0 0 o0

0 0111100110000 00011001190 1110010011211 10111010 0000100010 00

[

0010901111000 90©O0110011101210 1111001101010 110101010110 1 1 1

1
i10011190090w0101190111100001111011011001111100011 0000100 010 0 1

010 101110101100 001011000

1

1110100011101 00 10001110001 00 1

11 0 0 0 0 0 1 1

i 0 0 0

0 11 00 0 01 0 0 1 1

i 000 0 0 01 1 01 01 010 1

10 1

1

110 0

[

0 011001110010 00 1 1

0 0 0 1 1

1

1011110101101 00 00010 0100100 1

i1090111211111190111190909011190111111110101100 1001010 1100000 01 1 1 1

i 0111909012111 90111211110901101100 010101110011 00100001 10

0 0 1 1 1

1
o o0o01190909001112111901119011111000900O0O0©O061221112111110111100 010 011 00 1 1

o0

o0

0011909011111 11101101101101111110001110000110000110110 0101010100

1

0 0101090000111 11111009001010 000111101110 011

011 10 0 0 0 0 1

1
1101100111100 110011100000O01101100 001221100110 112110 01011001 01 0 1

0 0 0 1

1

0 0 0 0 1

[

0o 0 1

1

i1 0 0 0

0

o

o0
i 0011901211101 1901110110010001221110100 0100011010001 0 011 00 00

1

i 00 1101101000 10 1 1

1

i 0009010100010 0101011100000 0 10 01
i1111909090119012190 1111111000 0©012201110090121111901211110 101011100100

i11000900©O0011112901190111111111011110901210111010 100012210 111001110000

0 0 0 0

0 10 0 0 0 1 0 1 0 01 1 1 1

11

1011110019010 011 11110 1

L]

i1 0 0 1 1 1

0 1 1 1

1101011010110 110010

0 0 0 1 1 1 1 1 0 1

101100 010 1 1 0 1

0 0 1 1

1

100 0 1 1

0100111011011 0011111012111010000110110110010 011001000100 000 1 1

i110900111101111090010111000001011211100011 0101010 10 1

1

0O 0 0 0 1 1

i 0011901119001 09012111111010111101100 1111100100010 0 0101010000 00

10 0 0 0 1

0o 0 0 0 O

0 0 1

1

0 0 1

1

1

0 0 o0

1111100909011 190110111101110 1100110110010 1010110010000 01 00 0 1 1

1

01010100 00O0O0O0O0O11O010 00 121

01109012111 1100100 11

11101110 021

1
o o0oo0o01901901111119011101000O001111190111190090120121190 1211121111010 010110 10
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Resultsof Testingfor Primality , and the Time Period to GenerateBinary Strings

Between3 and500000:41 681 numbersverefoundto havewholenumberk-values

Of these,144 (0.35%)wereidentified asbase2 pseudoprimegPouletnumbers)by finding that

41537 primeswere

found Including 2, all the41 538 PRIMESbelow500000werethussuccessfullydentified

they were divisible by a factor (dx + 1) with d < k. Thus41 681 - 144

The time for identification using binary strings,is much fasterthan when using decimalstrings

(referto Tables 3 and4).

Theidentificationtime dependson the! -valug i.e. the numberof binary digits occuring in one

cycle.

1 takethe longesttime to confirm their prime status the longeststring

Thus N-valueswith k

below 500000 (i.e. the string for 499979) took about5 secondgo generateSuchstringsdo not

needto besubjectedo afurtherpseudoprimeest.

The stringsfor numberswith large k-values(thus with relatively shorer cyclic strings) were

10, wasfound within 0.56

generatednuchquicker. For instance the string for 498961 ,with k

seconds.

Although all numbers(endingon the digits 1, 3, 7 and 9) below 500000 were tested,several

largernumbersweretestedat random While the stringfor 1 900043 (with k

secondsthe string for 1 900009 (with k

1) wasfoundin 23

72) wasgeneratedn 0.4 secondsThe generatiorof

thestringfor a binarynumbemear10000000 (with k

100) took only aboutl second



Table 4 showsa comparisonof the maximumtime (i.e. with k = 1) it takesfor approximately
equal length stringsto be generatedn both basel0 and base2. The difference betweenthe
generatiortime for decimalandbinary stringswasfoundto increasesubstantiallyasthe numbers
grow larger.

Table 3
k=1 k=2 k=3 k=10
N x time(s) x/time N x time(s) x/time N X time(s) x/time N  x time(s) x/time
5003 5002 |0.015| 333467 5009 2504 |0.015 | 333867 5301 1700 | 0.000 | 750000 4871 487 |0.000| 1800000
10037 10036 | 0.079| 127038 10007 5003 |0.051 | 196197 9973 3324|0016 | 623250 9431 943 |0.000 | 1500000
20029 20028 | 0.156| 128385 19991 9995 |0.088 | 227160 20011 6670 | 0.047 | 425745 19471 1947 |0.015 | 1298000

30011 30010 | 0.188 159628 29983 14991 |0.116 | 258466 30133 10044 | 0.078 | 386308 31391 3139 |0.031 | 1012581
39989 39988 | 0.323 | 123802 40031 20015 |(0.172 | 232733 39883 13294 | 0.109 | 365890 41201 4120 |0.031 | 1329032
50021 50020 | 0.36 138944 50033 25016 |0.188 | 266128 49957 16652 | 0.141 | 354298 51071 5107 | 0.032 | 1595938
60029 60028 | 0.516 116333 60017 30008 |0.234 | 256479 60013 20004 | 0.172 | 348907 60041 6004 | 0.047 | 1277447
70003 70002 | 0.625 112003 70001 35000 |0.328 | 213415 70099 23366 | 0.188 | 372862 70991 7099 |0.063 | 1126825
80021 80020 | 0.667 119970 80039 40019 |0.328 | 244019 79693 26564 | 0.234 | 340564 80149 8015 | 0.078 | 1027538
90011 90010 | 0.812 110850 90007 45003 |0.371 | 242604 89923 29974 | 0.25 359688 90071 9007 | 0.078 | 1154744
100003 100002 | 0.855 116961 100057 50028 |0.453 | 220874 100069 33356 | 0.312 | 320731 100591 10059 | 0.094 | 1070106
120077 120076 | 1.033 116240 120047 60023 |0.547 | 219463 120067 40022 | 0.328 | 366055 120041 12004 | 0.14 857429
140069 140068 | 1.266 110638 139999 69999 |0.625 | 223997 140053 46684 | 0.406 | 344956 139991 13999 | 0.141 | 992837
160019 160018 | 1.391 115038 160159 80079 |0.781 | 205068 160243 53414 | 05 320484 160031 16003 | 0.156 | 1025833
180043 180042 | 1.641 109715 180023 90011 |0.862 | 208842 180811 60270 | 0.562 | 321726 180361 18036 | 0.187 | 964492
200003 200002 | 1.876 106611 200023 100011 | 0.886 | 225759 200293 66764 | 0.625 | 320467 200591 20059 | 0.187 | 1072674
220013 220012 2 110006 219983 109991 | 1.047 | 210107 220141 73380 | 0.687 | 320437 219871 21987 | 0.204 | 1077794
240011 240010 | 2.251 106624 239999 119999 | 1.094 | 219377 239893 79964 | 0.75 319856 238591 23859 | 0.261 | 914138
260003 260002 | 2.433 106865 260023 130011 |1.187 | 219058 260011 86670 | 0.782 | 332494 260441 26044 | 0.312 | 834744
280013 280012 | 2.594 107946 280031 140015 | 1.406 | 199168 280069 93356 | 0.938 | 298580 27976127976 | 0.297 | 941953
300043 300042 | 2.906 103249 300007 150003 | 1.469 | 204225 300109 100036 | 0.969 | 309709 300151 30015 | 0.313 | 958946
350003 350002 | 3.359 104198 350033 175016 | 1.578 | 221820 349813 116604 | 1.187 | 294703 350561 35056 | 0.375 | 934827
399989 399988 | 3.548 112736 400031 200015 |1.985 | 201526 400051 133350 | 1.308 | 305849 400471 40047 | 0.407 | 983956
450101 450100 | 4.329 103973 450103 225051 | 2.031 221616 450019 150006 | 1.371 | 328241 450071 45007 | 0.438 | 1027557
499979 499978 | 5.079 98440 499943 249971 |2.406 | 207790 499957 166652 | 1.621 | 308424 498961 49896 | 0.558 | 894194

Table 3
Somek-values for primes in range5000to 500000

Decimal String Generation time (s) Binary String Generation time (s)
withk=1 withk=1
20047 11 20029 0.2
90011 300 90011 0.8
499976 960 499976 5.1
999983 11400 1000003 8.7
- - near ten million 117

Table 4



The Rooting out of the Pseudoprimes

With its whole numberk-value statusestablishedeachof the 144 pseudoprime$®elow 500 000
wasidentified assuchin an additionaltime of lessthan0.001 secondsThis wasdoneby testing
all numberswith k> 1 for afactor(I" ! 1) ! /I . SeeTable 5 for theresults.

Somel mportant Observationswith Regardsto the Pseudoprimesand their Testing

1. In decimal(for all numbergtestedbelow 50 000) no pseudoprimeevealeda k-valuelessthan
8. In binary (for all numbergestedbelow 500000) no pseudoprimavasfoundto havea k-value
lessthan9. The calculationtime for therecurringstring of a pseudoprimes thusgenerallyfar less
thanfor arealprime of approximatelyequalsize. Thereasorfor large pseudoprimé-values(thus
relatively shorterrecurring strings) lies in the fact that a pseudoprimenust have at leasttwo
factors both of which themselvescan be written in termsof x. An attemptat illustrating this is
givenbelow:

SayN hastwo unequabprimefactors,i.e. ! ! 1 b, rl

then mr=Idx! 11,1

whichyields Ll 1,00, ifx! 0
If I, and! , areintegerstheir smallestpossiblevaluesarel and2 respectively.
Assuming! >! thenyields: E!' (M) 11 2

Thus I >1

However, many d-valuesare not integersgreaterthan 1 - many have fractional valueslying
between0 and1. In suchcasesthe x-value mustbe big enoughto still yield a relatively largek-
value.Theaboveillustration,therefore doesnot coverall eventualities.

Furthermorethe smallesfactormusthavetheproperty: (d,x! 1)! /N

Thus A +1)21 kx! 1
and L >1d)'x! 21, if | %
Substitutionof d, =! thenyields k'>1 41

This suggestshata pseudoprimavith two factorshavingd, andd, greateror equalto 1, implies
x < k. The datain Table5 is in accordwith this observationAlso, d, andd, areintegers.The
only threeN-values(with two factors)in Table5 with nonintegerd, andd, -valueslessthan1,
havex > k. Thesenumbersare4371,8911and25761.

Table 5 showsthat pseudoprimesvith three and four factors were also found Exceptfor one
number(294409,with x = 36; factors37, 73 and109; andrespectived-valuesl, 2 and3) all such
pseudoprimelaveoneor morenorintegerd-values.In fact (in the caseof therebeingmorethan
two factors),very few integerd-valuesoccur,but whentheydo, it is invariably for casesvherex
<k



If it canbe conclusivelyestablishedvhy k! 9 for base2 pseudoprimesthe prime testcanbe
adaptedto immediately confirm the primality of any N-value with ! <. Within the range
investigated about88% of all whole numberk-valueslie below 9. If this trend extrapolatego
largernumbersmanymoreprimesmaythusbeidentified without the needfor anyfurthertesting.

2. Dueto the necessityof testingfor nonrintegerd-valuesduring the pseudoprimeest,the overall
methodstill hasa probabilisticcomponentif no factor hasyet beenfound by the time onetests,
say, for for d = 999999/1000000what limit mustbe setto stop the testand confirm that N is
indeed prime? (Or, a limit having beenset and no factor found within that limit, what is the
probabilitythanN is prime?)Thelimit placedon boththe numeratorandthe denominatoof d in
the computemprogramemployedin the currentinvestigationwasabout2000.Within the rangeof
numberdnvestigatedno pseudopriméslippedthroughunidentified usingthis criterion

3. Figure 2 shows the percentageoccurrenceof whole number k-values within the range
investigatedForthe41 681 numberdelow500000with whole numberk-values:

88%have 1! k'<! (nopseudoprimesm thisregion).
11.2%have 9! k!<I™ (28 pseudoprimefound)
0.8%have k!> 1200 (116 pseudoprimefound)

Also, 37.3% havek = 1, thusconfirmingthemprime.

Lookedatin adifferentway: (SeeFigures3 and4).

For binary numbers,only 0.35% (144 out of 41681) of all the whole numberk-valuesbelow
500000arepseudoprimes.

Only 28 of these(~ 0.07%)arefoundamongsthe 41373numberswith k-valueslessthan221.

116 pseudoprimeareamongsthe 308 numberg~38%of them) which havethe biggestk-values
(with K'sbetweer221and16789).

With referenceto the last point, one might thus reasonablyconcludethat, if a testedbinary
numberhasa k-valuegreaterthanabout220,thereis an approximatet0% chancethatthe number
is apseudoprime

Figure4 illustratesthe densityof occurrenceof base2 pseudoprimesvith ! > 1" |



Below 500 000:

Number of : T N—1
144 pseudoprimes among 41681 N-values with integer k = —
k occurrences % x
below occurrence N x k
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0.8% k>200
116 opseudoprimes The numbers with the 308 biggest k-values between 221 and 16784
| ——
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o w (a) -ﬁ

k k

Out of those numbers with the 308 biggest k-values, 116 are pseudoprimes.

A number with a large k-value (i.e. relatively few recurring digits compared
to the binary string length) has ~ 40% chance of being a pseudoprime.

It appears that for k< 9, Nis always prime.

Figure 4




4. Usingthe (dx! 1) ! /N pseudoprimeest,while all factorsof pseudoprimesverefoundin

lessthan0.001secondsall actualprime numbergwith k-valuesgreaterthan1) took muchlonger
— betweemabout0.3 to 0.6 seconds to be checkedfor factorsin form Idx! 1!. The 0.6 second
maximumtime was, of course,determinedby the limit seton the d-value.Whenno suchfactor
wasfound,thetestwasterminatedlt wasobservedhat Justby orderingnumbersn termsof the
runtime for the pseudoprimetest, all pseudoprimesvere immediately sifted out. A possible
criterion for pseudoprimadentification could thus be: Within a certainrangeof numbers|f the
run-time for the pseudoprimeestis greaterthana pre-determinectut-off time, onecanalmostbe
certainthatN is prime.

5. All prime numbersN with evernumberedstringshavethe propertythat the first half of the
binarystringfor 1/N addsto the secondhalf to give a stringof 1's (theadaptedNikilam sutra:“All
from 1 andthe last from 2”). There are 134 pseudoprimegout of the total 144 pseudoprimes
below 500000) with evernumberedstrings.Only 22 of them concurwith the adaptedNikilam
sutra.Thus,the overwhelmingmajority of pseudoprime$84%)do not possesshis property.This
differencebetweenra pseudoprimenda prime might be usefullyemployedasanadditionalfactor
in aprimality testprocedure.

6. A studyof the datain Table5 showsthat: For a pseudopriméN, the numberof recurringdigits
in 1/N (i.e. x) is thelowestcommonmultiple (LCM) of the numberof recurringdigits (say,x; ,x; ,
etc.) in eachof the cyclic binary stringsrelatedto the respectiveprime factors(say (! ;! ! 1!,
(!, +1) etc.)of N. This accordswith thefact thateachfactor mustitself be oneplusa multiple
(or submultiple)of x. Thenextexampleservedo illustratethis observation.

Example 12

For N = 90751 with x = 75 andk = 1210andfactors151 and 601 (both prime), the respective
valuesfor ! ; and! , are2 and8.

"#$0% = 1" +1 = (I"# )(75)! 1
Also 1,1 41 =(0)75! 1! 151 and !0 +1 1 (O )L 11 1

The prime factors 151 and 601, themselveshave respectivex-values(i.e. numberof recurring
.. . . | |
dlgltsmthestrlngsforEandm)of Ly 1" and!, bl

Thus kx +! =(")(" ) 't 151 and !, P b (m)am)rrr g

Both 15 and25 aredivisorsof 75. Thus!, andx, aredivisorsof x. Thus,x is theLCM of x, and

More on k-valuesand the Ekadhika
To paraphrasé. Pickles(2000¥:

It is evident that a cycle of lengtNl P 1) is the longest that can be achieved with the
divisor N. The successive steps of division by N can never be exact, or the decimal



would terminate, and there are onl{ ® 1) possible remainders. Once these are
exhausted, the sequence must repeat.

Themaximum numberof digits mustbe (N - 1). Why do somenumbershavethe propertythatthe
sequencef numbersin a cycle is only half this maximumlimit (i.e. k = 2) or onethird of this
maximumlimit (i.e.k = 3) etc.?

Theanswerto this questionlies in whathasalreadybeenpointedoutin Examplel0, wherel/7in
. . . - . |
binary mustnecessarilpnly have3 binary digits beforerecurrence(lt is the samereasorwhy —

in decimalmustalsohaveonly threedecimaldigits in onerecurringcycle)

Hardy and Wright? addessthe answerto this questionin Theorem88 of the book The Theoryof
Numbers

Theorem 88 of Hardy and Wright :

Lhironn# 11 has a smallest solution x which is a divisot(df)

where!(N) is equal to the number of integers smaller than N which are relatively
prime (coeprime).

Statedin anotherway: If 'I— Is found and a remainderequalto 1 is obtained(i.e. recurrence

occurs),thenthe smallestpossiblevaluefor x is a divisor of @(N). Thus ®(N) divided by x must

. I . . . .
haveanintegervalue,i.e.——! !. Sinceall integerssmallerthana prime numberarerelatively

primeto it, ®(N) = N — 1 for a prime. Therefore,for a prime number:!lL I 1. It alsofollows

that,if x=N -1, (thusk = 1) N is alwaysprime.

Foracompoundhumber,sincetherearesomenumbersbelowit which arenot relatively prime, it
follows that(N — 1) = ®(N) + n,, wheren, representshe numberof integerssmallerthanN which
arenot co-primes.In the caseof a pseudoprimeit just so happenghatn, is alsodivisible by N,
whichis usuallynot the casefor anon-prime. This hasbeenillustratedin a previousarticle®.

In a brief analysis,JeremyPickles usesseveralexamplesto show that thereis a relationship
betweenthe ekadhika and the k-value: The ekadhikais either a perfectpower of k, or it is a
polynomialresidueof thedivisor N. Thefollowing examplesllustratethis phenomenon:

Example 13

In baseloﬁ! #! :—! # Useof thesutrashowsthatx = 81, thusk = 2.

Heretheekadhikais 48!! 111 1" I I'' Wethusseethattheekadhikais apowerof k = 2.



Example 14

In baseloﬁ! #! :—! P Useof thesutrashowsthatx = 42, thusk = 3.
Herethe ekadhikais L (O L I W R B N
We canalsowrite: .I_' '—l !

"# I"#

We seethusthatthe ekadhikais the cubic(i.e. powerk = 3) residueof thedivisor 127.

Example 15

In base2: for ”'— ! # : Useof the sutrashowsthatx = 28, thusk = 4.
Herethe ekadhikais """ o one N N N I A

We canalsowrite: oy

"ne n"

We seethusthatthe ekadhikais the quartic(i.e. powerk = 4) residueof thedivisor 113.

In general,the relationshipbetweenthe ekadhikaand the k-value (and thus also the numberof
digits beforerecurrencejs thus:

"H#S%&"# 111 I
wherebothy andq areintegersandq is thequotientwhenyk is divided by N.
We canalsowrite: P 1"HS0%&AIME I )
It is of interestto comparethisto FermatOisittle Theorem:! ''! I 111"#$ 11
Thek-valuesfor onenumberalsodiffer dependingnthe baseused,asshownin Figure4.
For!lin decimal: k=1 ekadhika=! "1 t1" 11 1111

For-inbinary: k=2 ekadhikal ! ! Il

N =7 = Decimal: N =111 = Binary:
1-0.142857... —~ =0.001...
7 111
2-0.285714 ... 2% -0.010...
7 111
3-0.428571.... 21 -0.110....
7 111
2-0.571428.... 1% - 0. 100....
7 111
5-0.714285 .... 21-0.101...
7 111
£-0.857142 ... 2%-0.110...
7 111

x=6 x=3
k=1 k=2
Figure 4

Summary and Suggestionsfor Further Investigation

1. Comparedto decimal string generation,a computer program (employing the Ekadhikena
. .. . . . !
Purvenasutra)cangeneratehe numberof of recurringdigits in the binary string for — ata much



higherrate The differencein the generatiorrate of binary versusdecimalstringsincreaseswith
N.

2. Binary numbersaup to about10 million havebeeninvestigatedThe maximumtime (if k= 1) to
generatahe recurringstring for anumbercloseto !" ' is approximately2 minutes.Althoughthis
is severalordersof magnitudefasterthan when the sutrais appliedto decimal numbers the
currentmethodwould still take animpossiblylong time to identify primeswith severalhundred
digits (i.e. thoseusedin cryptology).

3. The programmingfor this investigationwasdoneusing TrueBasic.The algorithmis currently
beingrewrittenin C++. By usingmoreefficient datastructurescalculationtimesmaybereduced
significantly.

4. Employmentof hogherperformanceomputinghardwareandmoreefficientimplementatiorof
the algorithmsshouldenablefar largerprime numbersto be identified usingthe methodoutlined
in this paper. The home PC that was used in the current investigation has the following
characteristics:

Intel Corei5-7200U2,5 GHz with TurboBoostupto 3.1 GHz
4 GB DDR4 Memory;1000GB HDD
ThenewC++ programwill berunusingafasterprocessoandlargerRAM.

5. All primenumbersN (andseverapseudoprimesyith evernumberedstringshavethe property
thatthe first half of the binary string for 1/N addsto the secondhalf to give a string of 1's. It is
plannedto incorporatethis property (propoundedoy the Nikilam sutra)into the improved C++
program- thuspossiblyreducingby up to a half thetime requiredto generategecurringstrings

6. Oncethe improvementssuggestedn points 3, 4 and5, havebeenimplementedit is planned
thatthe rateat which the improvedprogramgenerate binary strings, be comparedwith the rates
atwhich otherexistingmethodsachievethe sameresult This hasnotyetbeendone.

7. If it canbeconclusivelyestablishedvhy ! | ! for base2 pseudoprimeshe primetestcanbe
adaptedo immediatelyconfirm the primality of anyN-valuewith ! ! I . (SeeFigure5)

8. Employmentof the EkadhikenaPurvenasutrato find the numberof recurringdigits x in a
binary string, servesa dual purposeBesidesheingableto proveprimality whenx = 1 (or perhaps
evenwhen! 1!, the x-value canalso be usedin the searchfor factorsof pseudoprimesn the
form (I" ! 1) However,due to the necessityof testing for noninteger d-valuesduring the
pseudoprimeest, the overall methodstill hasa probabilistic component.Further investigation
needgo bedoneto find outif alimit canbesd ond, belowwhich thetestcanbeterminatedand
N confirmed, unquestionablyto be prime. Alternatively, a limit to d having beenset and no
factorfoundwithin thatlimit, canonesetavalueto the probabilitythatN is prime?

9. Do the Carmichaelnumbershave any particular patternin their k-valueswhich make them
alwayspassthe conventionaFermatPrimality test,no matterwhatbaseis chosenThis is a topic
for furtherinvestigation.



10. Anothertopic for investigations therelationshipbetweenthe formulas:
P HS%&A!M# N land ! L TII"E$ 1! discussedhn the previoussection.

11. 1t is proposedhat, within a largerangeof data,a Fourieranalysisbe doneon calculatedk-
valuesto seewhetherany patternin their occurrenceemerges.
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Appendix
Adapted
/9
\!
Fermat o N definitely
Primality Test PRIME
Algorithm
Veryh.igh pro.bability \ ﬁ o?lé;:i;%ns
N is Prime
calculate Test N for a factor
input N —— N_I:k :1a§§1k
X
0
0’”’40/0 N not prime /b’;"z';;s'i'i)
07&@/. a<k

Figure 5
A proposed adapted,Fermat Primality test
(if it can conclusively be shown that no nofprime exists with! ! 1)
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