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Abstract

This paper shows how we can use a result from Bharati Krishna Tirthaji together with the
Transpose and Apply division process of Vedic Mathematics to easily get sums of any like

powers of roots of any polynomial without the need to actually find the roots themselves.

1. Introductory

In Chapter 22 of Tirthaji’s book' he looks at the relationship between the factors of a

polynomial and its successive differentials.

The first three examples he gives by way of illustration are as follows:

a b
1) *+3x+2=(x+DE+2)
-+ Dy (the first differential) =2x+3=(x+ 1)+ (x + 2) = Za

a b c
2 X+6x*+1lx+6=(x+Dx+2)x+3)
SoD =3+ 12x+ 11 = (0P +3x +2) + (P + 5x + 6) + (X + 4x + 3)
=ab + bc + ac = Zab.
Dy=6x+12=2CBx+6)=2[x+ 1)+ (x+2)+ (x+3)]
=2(a+b+c)=2%a=2%a.

(3) x*+10x> +35x2 +50x + 24 = (x + 1)(x + 2)(x + 3)(x + 4)
S Dy =4x> +30x* + 70x + 50 = Zabc
D, =12x*+ 60x + 70 = 2Zab = 2!Zab
Ds = 24x + 60 = 6(4x + 10) = 3!Za.

Our interest here is only in the first differential of a polynomial of any degree (the degree of

the polynomials in the above examples are 2, 3 and 4 respectively).

So we can say that the first differential of a polynomial of degree n in which the leading

coefficient is 1, is the sum of the products of its factors taken n — 1 at a time. (1)

This simple result can be surprisingly effective in finding sums of powers of roots of

polynomials and is proved in Appendix 1.

The relevant Sutra is Gunaka-Samuccaya: All the Multipliers. The ‘multipliers’ here would

refer to the factors.



2. Application of Result (1)

We begin with quadratics as these most simply illustrate the method, which is easily extended

to polynomials of higher degree.

2.1 Example 1
The quadratic x* — 3x + 2 is easily found to have roots 1 and 2.

Suppose we require the sum of the roots, the sum of the squares of the roots, the sum of the

cubes of the roots etc.

We can do it like this:

: . 2x : : : .
Consider the fraction ————— where the denominator is the given polynomial, and the

x —=3x+2
numerator is the first derivative of the denominator (and also the sum of the factors by result

(1) above).
There are two things we can do with this fraction:
A) we can divide the numerator by the denominator to get an infinite polynomial.

B) we can factorise the denominator, replace the numerator with the sum of these factors,

split into two fractions, cancel and then divide and combine these.
The results of A and B will of course be equivalent.

If we look at A above and divide the expressions, using the Paravartya Sutra (Transpose and

Apply) we have:

¥ —=3x+2)2x-3

3 2) 6 -4
9 -6
15 -10
2 3 5 9
i SR e S 2
x X x X @
1)+ (x—
For B above we get (xr=D+(x-2) and splitting this into two fractions we have,
(x=1)(x-2)
(x—1) 4 x-2) 1 1

(x—1)(x—2) (x—l)(x—2)_(x—1)+(x—2)'



Next expanding these using the Paravartya Sutra we have:

l+i+£+£+ +l+£+2_2+2_3+

X x2 x3 x4 X x2 x3 x4

2 1+2 1P+2* 1P+2°

= —+t—Ft+t—+—+.. 3)
X X X X

We note that the numerators of the fractions in this last result are respectively, the number of
roots of theroots is 1° + 2° = 9 (the 4™ numerator),
etc.

2.2 Example 2 — Irrational Roots

Taking another example, suppose that we require the sum of the cubes of the roots of
2
X"+ 5x+2.

We simply divide x* + 5x + 2 into its derivative, 2x + 5 and go as far as the term with x* in the
denominator:

X H+5x+2)2x+5

5002) 210 -4
25 10
105 -42
2 5 N 21 95+
x X X o

We see the required result is -95.

Note that this quadratic cannot be factorised, so that finding the roots and then cubing them
would be a great deal of work.

2.3 Example 3 — Complex Roots

And even if the quadratic has no real roots (i.e. they are complex numbers) we can use this

method.

Find the sum of the squares and sum of the cubes of the roots of x* — 2x + 3.

¥ =2x+3)2x-2
2 3) 4 -6

So the required values are -2 and -10.

Again, this would involve a colossal amount of work if done by first finding the roots

themselves.



3. Simplifying Division Using Vertically and Crosswise

In fact the divisions shown above can be simplified further”.
The last calculation above can look like this:

¥ —=2x+3)2x-2
2 3)

That is, having got the first numerator, 2, we multiply it by the 1% transposed +2
value (+2) to get +4 and add this in the next column: -2 + 4 = +2. This is the

nd 2
2™ numerator.
To continue we cross-multiply the last two numerators (2 and 2) by the two +2 -3
transposed values and add: , 7
2x+2 + 2x-3 = -2, This is the 3" numerator.
Then cross-multiplying the last two numerators (2 and -2) with the transposed 2 3
digits again, and adding:
2x+2 + 2%-3 = -10, the 4™ numerator. And so on as far as needed. 2 -2

This is clearly an application of the Vertically and Crosswise Sutra.

4. A Cubic

4.1 Example 4

Let us take a cubic next. The method is just the same.

Find the sum of the squares and sum of the cubes of the roots of x* — 2x* — 11x + 12.
3x —4x-11

X =2x*—11x+12
denominator.

We require , where again the numerator is the differential of the

Now, we divide:

X =2 1lx+12) 3x* —4x-11

2 n -2 ) 6 33 -36
4 2 24
52 ...
3 N 2 N 2 N 38+
x X x X7

So the required values are 26 and 38.

The actual roots here are 1, -3, 4. A factorisable equation was chosen so that the answers can

be easily checked, but the roots could be irrational or complex or both.



Again, the lines of working (6 33 -36 etc.) can be avoided and are shown here to aid
with understanding the method. Using only the transposed digits and the quotient coefficients

as they appear the calculation would look like this:

X2 = 1lx+12) 3x% —4x—11
2 n -2 )

[\

2 2,
X2 X3

|w
~| co

+

3
— +...
X

=

Initially we obtain 3x” + x° = 3/x, using The First by the First, then 3 x 2 (the 1* transposed
digit) = 6.

Add this to the x coefficient in the dividend to get 2 as the 2" quotient

coefficient.

Then multiply crosswise with 2, 11 and 3, 2 to get 4 + 33 =37 and add this to
the last coefficient in the dividend to get 37 — 11 = 26 as the 3" quotient
coefficient.

Finally we cross-multiply the three transposed values with the three quotient 2 11 -12
coefficient values found: 26x2 + 3x(-12) + 11x2 =52 — 36 + 22 = 38 for the
4™ quotient coefficient.

4.2 Proof
We may prove this result in a similar way to that for quadratics as follows.

3¢ —4x—11  _ (x—D)(x+3)+(x—D(x—4) +(x+3)(x—4)

using result (1
X =2x*—11x+12 (x=1)(x+3)(x—4) (1sine M)

1 1

= + + (splitting into three fractions)
(x=4) (x+3) (x-1)

Then following the process we used for quadratics we expand in two ways:

2
A: dividing x* — 2x* — 1 1x + 12 into its derivative we get 3 + =+ —36 3—?
X X X X
B: dividing the three terms + ! + we get
(x=4) (x+3) (x-1)
1,448 1355 11 r.r,
x ¥ ¥ X T x X X x x X x0T
3 44341 42 +(30+1 4 +(-3) +71°
=+ + + +

4
X X2 X3 X



And we see that comparing the terms of like power the various terms in A are respectively
the number of roots, the sum of the roots, the sum of the squares of the roots, the sum of the

cubes of the roots and so on.

5. Leading Coefficient Not Unity

The leading coefficient does not need to be unity for this process to be applied as the next

example shows.
5.1 Example 5
Find the sum of the roots and the sum of the squares of the roots of 2x* — 7x + 3.

. 4x -7
We require zx—
2x"—Tx+2
Such divisions are explained by Tirthaji on page 69 of his book: we can transpose as usual
but due to the coefficient of x* being 2 instead of 1 we need to divide each coefficient

obtained (after the initial one) by 2.

We get:
2 —Tx+3)dx—7
+7 3)
2 31 91
—+ =+ 2+
X X X

Therefore we find the sum of the roots to be 32 and the sum of the squares of the roots to be

9%a.

The reason we can divide like this even though the leading coefficient is not unity is because
we can always divide numerator and denominator by the leading coefficient (2, in the above
example) of the given polynomial to make the leading coefficient equal to 1. Such division

will not alter the zeros of the given polynomial.

6. Concluding Remarks
These examples show how straightforward it is to find sums of powers of roots of
polynomials by simply applying the Transpose and Apply formula of Vedic Mathematics to

divide the given polynomial into its 1* differential and pick out the required coefficient(s).

Other sums of combinations of roots can be obtained by dividing the polynomial in question

into its 2", 3™ etc. differential.



7. Appendix 1
We need to show that for a polynomial of degree » the first differential D; = sum of products
of n — 1 factors.

That is, if fix,) = (x + a1) (x + a2) (x + a3) . . . (x + a,) then f'(x,) = sum of products of n — 1
factors.

Proof by induction

First, for n =2 we have f{x,) = (x + a;) (x + a2) and for this we see that f"'(x,) = sum of the
factors, since 1'(x2) = f'(x* + (a1 +ax)x + a1 a2)) = 2x + (a1+az) = (x + a)) + (x + av).

Next assume that for fixy) = (x + a1) (x + a2) (x + @3) . . . (x + a), f'(xx) = sum of products of £
— 1 factors.
We require to show that for:

fx) =@+ a) (x+a) (x+az)...(x+ ak),f (xx1) = sum of products of k factors.

But f{xir1) = fx)(x + ar),
Therefore 1" (xx1) = fixe). 1 + ') (x + ar1)
Now f(xy) is the product of k factors excluding the extra factor (x + a+1).

And f"'(xx) is the sum of the products of £ — 1 factors, and when multiplied by (x + ax+1)
becomes the sum of the products of k factors which include (x + a1).

So together f{xx).1 + f"(xx)(x + ax+1) is the sum of all products of & factors.
This proves the result.

8. Appendix 2
RAC)

in descending
S (x)

We wish to show that the coefficients of the power series expansion o

powers of x are the number of roots of f{x), the sum of the roots of f{x), the sum of the squares
of the roots of f{x), the sum of the cubes of the roots of f{x), etc., in that sequence.

Using the result proved in Appendix 1 we have:

Jf'(x) _ thesum of the products of all factors of f'(x) except the 1st
f(x) - the product of all factors of f(x)
the sum of the products of all factors of f(x) except the 2nd N
the product of all factors of f(x)
the sum of the products of all factors of f(x) except the 3rd N
the product of all factors of f(x)
the sum of the products of all factors of f(x) except the last
the product of all factors of f(x)

On cancellation we get:
A ! + ! + ! fob—1
f(x) thelstfactor the2nd factor the3rd factor the last factor




Thenif fix,)=(x+a;)) (x+tax) (x+a3)...(x+a,):

'(x 1 1 1 1
S _ + + +..+
f(x) x+a x+ta, x+ta x+ta,
1 a a’ 1 a a’ 1 a a’ 1 a, a’
=l T ] S | S | | x 2]
X x X X X x X X x X x x
no. of roots of f(x) sum of rootsof f(x) sum of squares of roots of f(x)
— + > + 3 +...
| sum of nth powers of roots of fXx) X
n+l
X

as required.
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